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The generalized stress components on an anisotropic piezoelectric half-plane boundary under surface electromechanical
loading are investigated. It is found that the behaviors of generalized stress components are related to matrices C and X,
which have the same form as those for the purely elastostatic problem. Matrices C andX contain all the electro-mechanical
coupling phenomena of the generalized stress components. All elements of matrices C and X are expressed explicitly in
terms of generalized elastic stiﬀness for monoclinic piezoelectric materials with the plane of symmetry at x3 = 0 and for
transversely isotropic piezoelectric materials in which the coupled eﬀects between the mechanical (electrical) deformations
induced by electrical (mechanical) loadings are studied analytically. A numerical example of the electro-mechanical cou-
pling behavior for PZT-4 is also given.
 2008 Elsevier Ltd. All rights reserved.
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Electro-mechanical coupling eﬀects of piezoelectric materials have received much attention because they
have a wide range of applications. Cracks occur frequently in piezoelectric materials. Accordingly, many
researchers, such as Pak (1990), Sosa and Pak (1990), Park and Sun (1995), Kuang et al. (2004), and others,
have for a long time examined electro-mechanical ﬁelds at the crack tips. The coupling eﬀects of piezoelectric
materials with holes or inclusions are also important and many researchers, such as Zhang et al. (1998), Xu
and Rajapakse (2001), Dai et al. (2006) have paid attention to them. This work examines diﬀerent electro-
mechanical coupling eﬀects, i.e., explores the phenomena of the electro-mechanical coupled generalized stress0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2008.01.025
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boundary of anisotropic piezoelectric half-plane solids.
For a half-plane anisotropic piezoelectric solid whose straight boundary is subjected to a uniform general-
ized traction t2 ¼ ½s; r; s^; D^T (Fig. 1) with a ﬁnite loaded region, the electro-mechanical coupled generalized
stress components induced on the boundary may be denoted by t1 = [r11,r12,r13, D1]
T. Since r12 is completely
determined by the boundary conditions, only the behaviors of the mechanical stress components r11 and r13
coupled with the component of electrical displacement D1 are of interests in our analyses. Similar problem but
for anisotropic elastic materials has been investigated by Liou and Sung (2008). The behaviors of the coupled
generalized stress components for anisotropic piezoelectric material are similar to those for purely anisotropic
materials (Liou and Sung, 2008), i.e., the coupled generalized stress components consist of generally a constant
term and a logarithmic term. The constant term appears only in the loaded region and the logarithmic term
appears in both the loaded and unloaded regions. This correspondence between plane piezoelectricity and gen-
eralized plane strain in elasticity has been noted by Chen and Lai (1997). The constant term is determined by
the matrixX and the logarithmic term is determined by the matrix C. Elements of matricesX and C contain all
the electro-mechanical coupled information. Those elements of X and C which correspond to mechanical
deformations induced by mechanical loadings are similar to those explored by Liou and Sung (2008) for purely
elastic problems. Therefore, present investigations focus only on those elements which correspond to mechan-
ical (electrical) deformations induced by electrical (mechanical) loadings. Explicit expressions for elements of
X and C in terms of generalized elastic stiﬀness are obtained for monoclinic piezoelectric material with the
plane of symmetry at x3 = 0 and for transversely isotropic piezoelectric material. With obtained analytic
expressions for both materials, the eﬀects of material constants on the coupled mechanical and electric phe-
nomena are further explored. By taking special values for the elements of X and C, the results for decoupled
mechanical deformations and electrical ﬁeld are both recovered. The coupling behaviors for the elements of X
and C for the material PZT-4 are studied numerically as an example.2. Generalized Stroh formalism
Before presenting the coupled generalized stress components for anisotropic piezoelectric materials, we
brieﬂy introduce the generalized Stroh formalism in this section. The conventions that all Latin indices range
from 1 to 3 (except where indicated) and that repeated indices imply summation are all followed. Bold-faced
symbol stands for either column vectors or matrices depending on whether lower-case or upper-case is used.
For two-dimensional anisotropic piezoelectric deformations, the generalized displacement vectorσ
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Fig. 1. Geometry of the problem.
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T (ui, i = 1,2,3: the elastic displacements; u4: electric potential) and the generalized stress func-
tion vector, / = [u1,u2,u3,u4]
T are expressed asu ¼ 2RefAf ðzÞg; ð2:1Þ
/ ¼ 2RefBf ðzÞg; ð2:2ÞwhereA ¼ ½a1; a2; a3; a4; ð2:3Þ
B ¼ ½b1; b2; b3; b4; ð2:4Þ
f ðzÞ ¼ ½f1ðz1Þ; f2ðz2Þ; f3ðz3Þ; f4ðz4ÞT; ð2:5Þwhere the superscript T indicates the transpose and zk = x1 + pkx2. Unknown complex number pk and con-
stant vector ak are determined by the eigenrelation½Q þ pkðRþ RT Þ þ p2kTak ¼ 0; ðk ¼ 1; 2; 3; 4Þ ð2:6Þ
whereQ ¼ ci1k1 e1i1
eT1k1 a11
 
; R ¼ ci1k2 e1i2
eT2k1 a12
 
; T ¼ ci2k2 e2i2
eT2k2 a22
 
: ð2:7ÞThe material constants deﬁned in the matrices Q, R, and T originate from the constitutive equations spec-
iﬁed for a linear piezoelectric material (Ting, 1996), which are given byrij ¼ cijkseks  ekijEk; Di ¼ eikseks þ aikEk; ð2:8Þ
where eij and Ei are the strains and electric ﬁelds, rij and Di are the stresses and electrical displacements, and
cijks, ekij and aij are the elastic stiﬀness, piezoelectric-stress and dielectric constants, respectively. The general-
ized stress function vector expressed in Eq. (2.2) may be directly employed to evaluate the stress and electric
displacement components, using the formula,t1 ¼ ½r11; r12; r13;D1T ¼  o/ox2 ; t2 ¼ ½r21; r22; r23;D2
T ¼ o/
ox1
: ð2:9ÞNote that the column vectors of matrix B = [b1,b2, b3,b4] that appear in Eq. (2.4) are related to the column
vectors of matrix A = [a1,a2,a3, a4] in the following formbk ¼ ðRT þ pkTÞak; k ¼ 1; 2; 3; 4: ð2:10Þ
Using orthogonality relationship (Ting, 1996), matrices A and B deﬁned above may be employed to deﬁne
the three real matrices L, S, and H, called the generalized Barnett–Lothe tensors (Ting, 1996), as followsL ¼ 2iBBT ; S ¼ ið2ABT  IÞ; H ¼ 2iAAT ; ð2:11Þ
where i2 =  1 and I is a 4  4 unit real matrix.
3. Coupled generalized stress components for anisotropic piezoelectric materials
The electro-mechanical coupled generalized stress components induced by ﬁnite extended uniform general-
ized traction over the half-plane boundary of an anisotropic piezoelectric material are presented in this sec-
tion. Analyses of this problem parallel those developed for purely anisotropic elastic materials (Liou and
Sung, 2008). Firstly, note that the responses of a half-plane piezoelectric solid subjected to a generalized con-
centrated force f at the origin are as follows (Ting, 1996)u ¼ ½u1; u2; u3; u4T ¼  1p ðln rÞI þ SðhÞ
 
L1f ; ð3:1Þ
/ ¼ ½u1;u2;u3;u4T ¼ LðhÞL1f ;
where
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p
Z h
0
N1ðxÞdx; LðhÞ ¼ 1p
Z h
0
N3ðxÞdx; ð3:2aÞ
N1ðxÞ ¼ T1ðxÞRT ðxÞ; N3ðxÞ ¼ RðxÞT1ðxÞRT ðxÞ QðxÞ; ð3:2bÞ
QðxÞ ¼ Q
EðxÞ e11ðxÞ
eT11ðxÞ a11ðxÞ
" #
; RðxÞ ¼ R
EðxÞ e21ðxÞ
eT12ðxÞ a12ðxÞ
" #
; TðxÞ ¼ T
EðxÞ e22ðxÞ
eT22ðxÞ a22ðxÞ
" #
; ð3:2cÞ
QEikðxÞ ¼ cijksnjns; REikðxÞ ¼ cijksnjms; T EikðxÞ ¼ cijksmjms; ð3:2dÞ
½e11ðxÞs ¼ eijsninj; ½e12ðxÞs ¼ eijsnimj; ½e21ðxÞs ¼ eijsminj; ½e22ðxÞs ¼ eijsmimj; ð3:2eÞ
a11ðxÞ ¼ aijninj; a12ðxÞ ¼ aijnimj; a22ðxÞ ¼ aijmimj; ð3:2fÞ
n ¼ ½cosx; sinx; 0T; m ¼ ½ sinx; cosx; 0T: ð3:2gÞWith x = 0 in Eq. (3.2b), the results becomeN1 ¼ T1RT ; N3 ¼ RT1RT Q; ð3:3Þ
where N1 = N1(0) and N3 = N3(0) are the sub-matrices deﬁned in the matrix N, known as the generalized fun-
damental elasticity matrix (Ting, 1996). Using the results in Eq. (3.1), the responses induced by ﬁnite extended
uniform generalized traction over the half-plane boundary may be evaluated simply by integration, with f in
Eq. (3.1) replaced by f dx ¼ ½s; r; s^; D^T dx; where f ¼ ½s; r; s^; D^T is now interpreted as the intensity of the uni-
form generalized tractions. The whole procedure for the calculation of the generalized stress components par-
allels that for purely anisotropic elastic materials (Liou and Sung, 2008). Moreover, the obtained results for
the generalized stress components are exactly in the same forms as those for purely anisotropic elastic mate-
rials (Liou and Sung, 2008), i.e., for the region outside the loading part, jx1j > a, the coupled generalized stress
components aret1ðx1; 0Þ ¼ ½r11;r12; r13;D1T ¼ 1p ln
jx1  aj
jx1 þ aj
 
Cf ; ð3:4ÞwhereC ¼ N3L1; ð3:5Þ
and for the loading area, jx1j < a, the coupled generalized stress components aret1ðx1; 0Þ ¼ ½r11;r12; r13;D1T ¼ 1p ln
a x1
aþ x1
 
Cf Xf ; ð3:6ÞwhereX ¼ ðN3S NT1LÞL1: ð3:7Þ
The correspondence between plane piezoelectricity and generalized plane strain in elasticity has been noted
by Chen and Lai (1997). Note also that similar results shown in Eqs. (3.4) and (3.6) have been obtained by Fan
et al. (1996) where the problem of stress and electrical ﬁeld distributions in a piezoelectric half-plane under
contact load is investigated. Even though Eqs. (3.4) and (3.6) take the same forms as those for purely aniso-
tropic elastic materials, there are diﬀerences between piezoelectric and purely elastic materials which arise from
the elements of the matricesX and C. It can be shown that the explicit structures ofX and C take the following
form (Liou and Sung, 2008):C ¼ ðN3L1Þ ¼
Cns Cnn Cnv Cne
0 0 0 0
Cvs Cvn Cvv Cve
Ces Cen Cev Cee
2
6664
3
7775; X ¼ ðN3SL1 NT1 Þ ¼
Xns Xnn Xnv Xne
1 0 0 0
Xvs Xvn Xvv Xve
Xes Xen Xev Xee
2
6664
3
7775: ð3:8Þ
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explained by Liou and Sung (2008). For instance, the ﬁrst subscript n of Cne denotes that the coupled general-
ized stress components induced on the surface is r11 while the second subscript e of Cne denotes that the type of
loading applied to the surface is electric displacement loading. The nonzero elements of matrices C and X
given above, contain all information of the coupling eﬀects of the mechanical deformations coupled with
the electric ﬁelds for general anisotropic piezoelectric materials. Elements of C and X which correspond to
the mechanical deformations induced by mechanical loadings (involving the three sub-indices n, s and v) are
similar to those explored by Liou and Sung (2008) for purely elastic deformations. Therefore, present inves-
tigations focus only on those elements of C and X that account for the coupled phenomena of mechanical
deformations (electrical ﬁeld) induced by electrical (mechanical) loadings. In the next two sections, the coupled
eﬀects are further elucidated for monoclinic piezoelectric materials and transversely isotropic piezoelectric
materials. Before leaving this section, we note that with elements of matrices C and X shown in Eq. (3.8),
the coupled generalized stress components given in Eqs. (3.4) and (3.6) may be written together as followst1ðx1; 0Þ ¼
r11
r12
r13
D1
2
6664
3
7775 ¼ 1p ln jx1ajjx1þaj
 
r
Cnn
0
Cvn
Cen
2
6664
3
7775þ s
Cns
0
Cvs
Ces
2
6664
3
7775þ s^
Cnv
0
Cvv
Cev
2
6664
3
7775þ D^
Cne
0
Cve
Cee
2
6664
3
7775
8>><
>>:
9>>=
>>;
 r
Xnn
0
Xvn
Xen
2
6664
3
7775þ s
Xns
1
Xvs
Xes
2
6664
3
7775þ s^
Xnv
0
Xvv
Xev
2
6664
3
7775þ D^
Xne
0
Xve
Xee
2
6664
3
7775
8>><
>>:
9>>=
>>;
Hða jx1jÞ;
ð3:9Þwhere H(x1) is the Heaviside function. Note also that when the piezoelectric-stress constants vanish, i.e.,
eijk = 0, the elements of C and X that correspond to the purely elastic part are recovered (Liou and Sung,
2008).4. Monoclinic piezoelectric material with a plane of symmetry at x3 = 0
In this section, the coupled generalized stress components on the boundary for monoclinic piezoelectric
materials are addressed. To explore the behaviors of these coupled components, the explicit expressions for
the elements of C and X for monoclinic piezoelectric materials are needed which are discussed below. For
monoclinic piezoelectric materials of class m, with a symmetry plane at x3 = 0 (Nye, 1985), the corresponding
constitutive equation (Eq. (2.8)) isr11
r22
r33
r23
r13
r12
D1
D2
D3
2
66666666666666664
3
77777777777777775
¼
c11 c12 c13 0 0 c16 e11 e21 0
c12 c22 c23 0 0 c26 e12 e22 0
c13 c23 c33 0 0 c36 e13 e23 0
0 0 0 c44 c45 0 0 0 e34
0 0 0 c45 c55 0 0 0 e35
c16 c26 c36 0 0 c66 e16 e26 0
e11 e12 e13 0 0 e16 a11 a12 0
e21 e22 e23 0 0 e26 a12 a22 0
0 0 0 e34 e35 0 0 0 a33
2
66666666666666664
3
77777777777777775
e11
e22
e33
2e23
2e13
2e12
E1
E2
E3
2
66666666666666664
3
77777777777777775
: ð4:1ÞWhere contracted notations eia and cab (a,b = 1,2, . . ., 6) have been used here for piezoelectric-stress constants
eikl and elastic stiﬀness cijkl, respectively. For the material shown above, the explicit expressions of the matrices
Q, R, and T are as follows:
3224 J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 3219–3237Q ¼
c11 c16 0 e11
c16 c66 0 e16
0 0 c55 0
e11 e16 0 a11
2
6664
3
7775; R ¼
c16 c12 0 e16
c66 c26 0 e12
0 0 c45 0
e21 e26 0 a12
2
6664
3
7775; T ¼
c66 c26 0 e26
c26 c22 0 e22
0 0 c44 0
e26 e22 0 a22
2
6664
3
7775: ð4:2ÞBy direct substitutions of these matrices into Eq. (3.3), matrices N1 and N3 may be expressed in terms of
generalized elastic stiﬀness easily. In addition to N1 and N3, explicit expressions of the matrices L and S
(see Eq. (2.11)) are also needed to express matrices C and X completely in terms of generalized elastic stiﬀness.
The needed expressions have been given by Liou and Sung (2007) for matrices L1 and SL1 and the results
are as follows:L1 ¼
Y 11 Y 12 0 Y 14
Y 12 Y 22 0 Y 24
0 0 Y 33 0
Y 14 Y 24 0 Y 44
2
6664
3
7775; SL1 ¼
0 Y^ 12 0 Y^ 14
Y^ 12 0 0 Y^ 24
0 0 0 0
Y^ 14 Y^ 24 0 0
2
6664
3
7775; ð4:3Þwhere explicit expressions of all nonzero elements Yab and Y^ ab are given in Appendix A. Now, substituting all
relevant matrices into Eqs. (3.8) and (3.10) yields the explicit structures of matrices C and X asC ¼ N3L1
 	 ¼
Cns Cnn 0 Cne
0 0 0 0
0 0 Cvv 0
Ces Cen 0 Cee
2
6664
3
7775; X ¼ N3SL1 NT1 	 ¼
Xns Xnn 0 Xne
1 0 0 0
0 0 Xvv 0
Xes Xen 0 Xee
2
6664
3
7775; ð4:4Þwhere all nonzero elements of matrices Cand X, expressed in terms of generalized elastic stiﬀness, areCns ¼ Y 11

G1
DT
 c11

þ Y 14 G2DT  e11
 
; Cnn ¼ Y 12 G1DT  c11
 
þ Y 24 G2DT  e11
 
; ð4:5Þ
Cne ¼ Y 14 G1DT  c11
 
þ Y 44 G2DT  e11
 
; Ces ¼ Y 11 G2DT  e11
 
þ Y 14 G3DT þ a11
 
;
Cen ¼ Y 12 G2DT  e11
 
þ Y 24 G3DT þ a11
 
; Cee ¼ Y 14 G2DT  e11
 
þ Y 44 G3DT þ a11
 
;
Cvv ¼ Y 33 c
2
45
c44
 c55
 
¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44c55  c245
p
c44
;
Xns ¼ Y^ 14 G2DT  e11
 
þ W 11
DT
; Xnn ¼ Y^ 12 G1DT  c11
 
þ Y^ 24 G2DT  e11
 
þ W 12
DT
;
Xne ¼ Y^ 14 G1DT  c11
 
þ W 14
DT
; Xvv ¼ c45c44 ; Xes ¼ Y^ 14
G3
DT
þ a11
 
þ W 41
DT
;
Xen ¼ Y^ 12 G2DT  e11
 
þ Y^ 24 G3DT þ a11
 
þ W 42
DT
; Xee ¼ Y^ 14 G2DT  e11
 
þ W 44
DT
;andDT ¼ c66c22a22  2c26e22e26 þ c22e226  a22c226 þ c66e222; ð4:6Þ
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þ 2ðe21e26c22  c26e22e21  c12e22e26  c12c26a22Þc16  2c12c26e26e21;
G2 ¼ ðe16a22  e26a12Þc22c16 þ ðe16e222  e26e22e12  e12c26a22 þ e22c26a12Þc16
þ ðe21e22e12  e22c12a12 þ e21c22a12 þ e12c12a22Þc66  e21c26e12e26  c12e16e22e26
 e21c26e22e16 þ e21e16e26c22 þ c12e26c26a12  c12e16c26a22  e21c226a12 þ c12e226e12;
G3 ¼ ðc66a22 þ e226Þe212 þ 2ðe26c26  c66e22Þa12e12  2ðe16e22e26 þ c26e16a22Þe12
 ðc66c22  c226Þa212 þ 2ðc26e22e16  e16e26c22Þa12 þ e216c22a22 þ e216e222;W 11 ¼ c16c22a22 þ c22e26e21  c12c26a22  c12e22e26  c26e22e21 þ c16e222;
W 12 ¼ c12c66a22 þ c66e22e21  c16c26a22  c16e22e26  c26e26e21 þ c12e226;
W 14 ¼ c16e26c22 þ c12c66e22  e21c66c22  c12e26c26  c16c26e22 þ e21c226;
W 41 ¼ e16c22a22 þ c26e22a12  e12e22e26  e26c22a12  e12c26a22 þ e16e222;
W 42 ¼ e12c66a22 þ c26e26a12  e16c26a22  e16e22e26  e22c66a12 þ e12e226;
W 44 ¼ c66c22a12 þ e16e26c22 þ c66e12e22  c26e22e16  c26e12e26  a12c226:With the explicit structures of C and X given in Eq. (4.4), the generalized stress components on the boundary
may be expressed ast1ðx1; 0Þ ¼
r11
r12
r13
D1
2
6664
3
7775 ¼ 1p ln jx1ajjx1þaj
 
r
Cnn
0
0
Cen
2
6664
3
7775þ s
Cns
0
0
Ces
2
6664
3
7775þ s^
0
0
Cvv
0
2
6664
3
7775þ D^
Cne
0
0
Cee
2
6664
3
7775
8>><
>>:
9>>=
>>;
 r
Xnn
0
0
Xen
2
6664
3
7775þ s
Xns
1
0
Xes
2
6664
3
7775þ s^
0
0
Xvv
0
2
6664
3
7775þ D^
Xne
0
0
Xee
2
6664
3
7775
8>><
>>:
9>>=
>>;
Hða jx1jÞ;
ð4:7Þwhere all nonzero elements of matrices C andX are given by Eq. (4.5). Therefore, from Eq. (4.7), the following
observations of the electro-mechanical coupled generalized stress components for monoclinic materials with a
symmetry plane at x3 = 0, can be made:
(1) Elements Cev = Xev = 0 indicate no response of the electrical ﬁeld when anti-plane shear loading is
applied. Similarly, the elements of Cve = Xve = 0 imply that no anti-plane shear deformation will be induced
by electric loading. Thus, no coupled eﬀect occurs between the anti-plane mechanical deformation and the
electrical ﬁeld for monoclinic materials with a symmetry plane at x3 = 0.
(2) Coupled eﬀects do occur between in-plane mechanical deformation and electrical ﬁeld since (i) elements
Cen 6¼ 0 and Xen 6¼ 0, indicating that logarithmic and constant terms exist for the electric ﬁeld when in-plane
normal loading is applied. (ii) Similarly, since Ces 6¼ 0 and Xes 6¼ 0, the electrical ﬁeld exists when in-plane
shear loading is applied. (iii) When electrical loading is applied, the coupled eﬀects between in-plane
mechanical deformation and the electrical ﬁeld can be observed since the nonzero elements of Cne and
Xne imply that logarithmic and constant distributions exist for the mechanical stress component r11. Nota-
bly, Cse = 0 and Xse = 0, indicate that when only electric loading is applied, no mechanical stress component
r12 is induced on the boundary. This is the boundary condition that is speciﬁed for r12 which should be
satisﬁed.
5. Transversely isotropic piezoelectric materials
The discussions of coupled generalized stress components for transversely isotropic piezoelectric materials
parallel those given in the previous section. For transversely isotropic piezoelectric materials whose x2-axis is
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rials by letting c45 = c16 = c26 = c36 = 0,c23 = c12, c33 = c11,c66 = c44,c55 = (c11  c13)/2, e11 = e12 = e13 =
e26 = e35 = a12 = 0,e23 = e21, and e34 = e16. Therefore, matrices Q, R, and T deﬁned in Eq. (2.7) now becomeQ ¼
c11 0 0 0
0 c44 0 e16
0 0 c55 0
0 e16 0 a11
2
6664
3
7775; R ¼
0 c12 0 e16
c44 0 0 0
0 0 0 0
e21 0 0 0
2
6664
3
7775; T ¼
c44 0 0 0
0 c22 0 e22
0 0 c44 0
0 e22 0 a22
2
6664
3
7775; ð5:1Þand matrices L1 and SL1 for transversely isotropic piezoelectric materials becomeL1 ¼
Y 11 0 0 0
0 Y 22 0 Y 24
0 0 Y 33 0
0 Y 24 0 Y 44
2
6664
3
7775; SL1 ¼
0 Y^ 12 0 Y^ 14
Y^ 12 0 0 0
0 0 0 0
Y^ 14 0 0 0
2
6664
3
7775; ð5:2Þwhere nonzero elements of Yab and Y^ ab may be obtained from Appendix A with material properties appropri-
ate for transversely isotropic piezoelectric materials being used. Similar to the procedures described in Section
4, the explicit structures of C and X may be obtained as follows:C ¼ ðN3L1Þ ¼
Cns 0 0 0
0 0 0 0
0 0 Cvv 0
0 Cen 0 Cee
2
6664
3
7775; X ¼ N3SL1 NT1 	 ¼
0 Xnn 0 Xne
1 0 0 0
0 0 0 0
Xes 0 0 0
2
6664
3
7775; ð5:3Þwhere nonzero elements, expressed in terms of generalized elastic stiﬀness, are as followsCns ¼ Y 11ð2c12e22e21  c11c22a22  c11e
2
22 þ a22c212  c22e221Þ
c22a22 þ e222
; ð5:4Þ
Cvv ¼ c55Y 33 ¼ 
ﬃﬃﬃﬃﬃﬃ
c55
c44
r
; Cen ¼ Y 24ðe216 þ a11c44Þ=c44; Cee ¼ Y 44ðe216 þ a11c44Þ=c44;
Xnn ¼ Y^ 12ð2c12e22e21  c11c22a22  c11e
2
22 þ a22c212  c22e221Þ þ ðe22e21 þ c12a22Þ
c22a22 þ e222
;
Xne ¼ Y^ 14ð2c12e22e21  c11c22a22  c11e
2
22 þ a22c212  c22e221Þ þ ðc12e22  c22e21Þ
c22a22 þ e222
;
Xes ¼ ½Y^ 14ðe216 þ a11c44Þ þ e16=c44:With the explicit structures of C and X given in Eq. (5.3), the coupled generalized stress components on the
boundary may be expressed ast1ðx1; 0Þ ¼
r11
r12
r13
D1
2
6664
3
7775 ¼ 1p ln jx1ajjx1þaj
 
r
0
0
0
Cen
2
6664
3
7775þ s
Cns
0
0
0
2
6664
3
7775þ s^
0
0
Cvv
0
2
6664
3
7775þ D^
0
0
0
Cee
2
6664
3
7775
8>><
>>:
9>>=
>>;
 r
Xnn
0
0
0
2
6664
3
7775þ s
0
1
0
Xes
2
6664
3
7775þ s^
0
0
0
0
2
6664
3
7775þ D^
Xne
0
0
0
2
6664
3
7775
8>><
>>:
9>>=
>>;
Hða jx1jÞ;
ð5:5Þ
J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 3219–3237 3227where Cen, Cns, Cmm, Cee, Xnn, Xes and Xne are given by Eq. (5.4). Therefore, from Eq. (5.5), the following obser-
vations of the electro-mechanical coupled generalized stress components for transversely isotropic piezoelec-
tric materials with the x2-axis parallel to the poling direction can be made:
(1) No coupled eﬀect exists between anti-plane mechanical deformation and electrical ﬁeld since Cev = -
Xev = 0 and Cve = Xve = 0.
(2) Coupled eﬀects do occur between in-plane mechanical deformation and the electrical ﬁeld. However, the
coupled phenomena diﬀer from those discussed for monoclinic materials. (i) Consider ﬁrst the application
of mechanical normal loading. For monoclinic materials, recall that Cen 6¼ 0 and Xen 6¼ 0, as discussed pre-
viously. For transversely isotropic material, however, Cen 6¼ 0 and Xen = 0, indicating that under mechan-
ical normal loading, no constant term is induced for the electric ﬁeld; instead, a logarithmic term exists for
the electric ﬁeld. (ii) Secondly, consider the application of mechanical shear loading. The observed phenom-
enon is diﬀerent from that under normal loading, i.e., the induced electric ﬁeld has a constant term instead
of a logarithmic term since Ces = 0 and Xes 6¼ 0. (iii) Finally, Consider the application of electrical loading.
The appearance of the terms Cne = 0 and Xne 6¼ 0 implies that only a constant distribution for the mechan-
ical stress r11 on the boundary is induced by the electrical loadings. Note that the elements that correspond
to the responses of the mechanical stress r12 induced by the electrical loadings are both zeros, i.e., Cse = 0
and Xse = 0, implying that no mechanical stress r12 occurs when only electric loadingis applied. This is
again the boundary condition speciﬁed for r12.
Note that if the poling direction of the transversely isotropic piezoelectric materials is initially along the x1-
axis, and not the x2-axis, as discussed above, it can be shown that the corresponding coupled generalized stress
components on the boundary are as followst1ðx1; 0Þ ¼
r11
r12
r13
D1
2
6664
3
7775 ¼ 1p ln jx1ajjx1þaj
 
r
0
0
0
0
2
6664
3
7775þ s
Cns
0
0
Ces
2
6664
3
7775þ s^
0
0
Cvv
0
2
6664
3
7775þ D^
Cne
0
0
Cee
2
6664
3
7775
8>><
>>:
9>>=
>>;
 r
Xnn
0
0
Xen
2
6664
3
7775þ s
0
1
0
0
2
6664
3
7775þ s^
0
0
0
0
2
6664
3
7775þ D^
0
0
0
0
2
6664
3
7775
8>><
>>:
9>>=
>>;
Hða jx1jÞ;
ð5:6Þwhich diﬀer slightly from those given in Eq. (5.5).
For completeness of the discussion of coupled electro-mechanical eﬀects, consider the simplest case, i.e.,
consider the case for isotropic materials. For isotropic materials, the material constants can be further simpli-
ﬁed toc16 ¼ c26 ¼ c45 ¼ 0; e11 ¼ e12 ¼ e26 ¼ a12 ¼ 0; a22 ¼ a11; ð5:7Þ
c66 ¼ c55 ¼ c44 ¼ l; c22 ¼ c11 ¼ kþ 2l; c12 ¼ k;where k and l are Lame’ constants and the corresponding matrices for L1 and SL1 areL1 ¼
Y 11 0 0 0
0 Y 22 0 0
0 0 Y 33 0
0 0 0 Y 44
2
6664
3
7775; SL1 ¼
0 Y^ 12 0 0
Y^ 12 0 0 0
0 0 0 0
0 0 0 0
2
6664
3
7775; ð5:8ÞwhereY 11 ¼ Y 22 ¼ 1 ml ; Y 33 ¼
1
l
; Y 44 ¼ 1a11 ; Y^ 12 ¼
1 2m
2l
: ð5:9Þ
3228 J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 3219–3237One may easily verify that for isotropic material matrices, C and X becomeC ¼ ðN3L1Þ ¼
2 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
2
6664
3
7775; X ¼ N3SL1 NT1 	 ¼
0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0
2
6664
3
7775; ð5:10Þwhich show that all of the elements of C and X are material-independent for isotropic material matrices. Re-
sults in Eq. (5.10) also indicate that all of the elements related to mechanical and electric coupled deformations
all vanish, i.e.,Cen ¼ Ces ¼ Cev ¼ Cne ¼ Cse ¼ Cve ¼ 0; Xen ¼ Xes ¼ Xev ¼ Xne ¼ Xse ¼ Xve ¼ 0: ð5:11Þ
Therefore, no mechanical and electric coupling eﬀect is observed for isotropic materials. The coupled general-
ized stress components on the boundary are totally decoupled into two parts: one corresponds to the responses
of purely isotropic elastic problems and the other corresponds to the responses of purely electric problems,
and they are mutually independent. The results for the decoupled generalized stress components aret1ðx1; 0Þ ¼
r11
r12
r13
D1
2
6664
3
7775 ¼ 1p ln jx1ajjx1þaj
 
r
0
0
0
0
2
6664
3
7775þ s
2
0
0
0
2
6664
3
7775þ s^
0
0
1
0
2
6664
3
7775þ D^
0
0
0
1
2
6664
3
7775
8>><
>>:
9>>=
>>;
 r
1
0
0
0
2
6664
3
7775þ s
0
1
0
0
2
6664
3
7775þ s^
0
0
0
0
2
6664
3
7775þ D^
0
0
0
0
2
6664
3
7775
8>><
>>:
9>>=
>>;
Hða jx1jÞ;
ð5:12Þrevealing that the well-known results for isotropic elastic deformation (England, 1971; Muskhelishvili, 1953)
and the electrical ﬁeld are both recovered.
6. Numerical results and discussion
The electro-mechanical coupled generalized stress components on the boundary studied in previous sec-
tions are for cases in which the material’s principal axes coincide with the coordinates. This section investi-
gates the eﬀects of the material’s alignment on the coupled components on the boundary. Let us take the
materials discussed in Section 5. Take PZT-4, which is a transversely isotropic piezoelectric material with
the x2-axis parallel to the poling direction (Appendix B presents the material constants of this piezoelectric
ceramic. It also presents the matrices L1 and SL1 needed in the computations of the elements of matrices
C and X). Suppose that the material’s principal axes, which initially coincide with the coordinate system, are
now rotated clockwise by an angle c about the x3-axis, new material’s constants are then obtained with respect
to the original coordinate system, which belongs to the class of monoclinic materials. Note that the material
alignment with c = 90 is also a transversely isotropic piezoelectric material but with the poling direction now
parallel to the x1-axis. Figs. 2–4 plot the eﬀects of the material’s alignment on the elements of C and X. Only
the elements of Cab and Xab that are not zeros are presented (see Eq. (4.4)). In these Figures, both coupled
electro-mechanical cases (eijk 6¼ 0) and decoupled electro-mechanical cases (eijk = 0) are plotted so that the
electro-mechanical coupling eﬀects can be clearly observed. Figs. 2(a) and 2(b) are, respectively, the variations
of Cab and Xab versus the material’s alignment c. The results in these two ﬁgures correspond to the elements of
mechanical deformations induced by mechanical loadings since the sub-indices of Cab and Xab all range over
a,b = n, s,v. Note that the curves for Cvv (Fig. 2(a)) with eijk = 0 and eijk 6¼ 0 overlap since mechanical anti-
plane deformations are not aﬀected by the electric loading. For the same reasons, the curves for Xvv with
eijk = 0 and eijk 6¼ 0also overlap as shown in Fig. 2(b). Figs. 3(a) and 3(b) are, respectively, the variations of
Cab and Xab versus the material’s alignment c, but the results are now for the elements of the electrical defor-
mations induced by electrical loading since the sub-indices of Cab and Xab all range over a,b = e only. The vari-
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Fig. 2(a). Variations of Cab (a,b = n,s,v which correspond to the mechanical deformations induced by mechanical loadings) versus the
material’s alignment c. Both coupled electro-mechanical cases (eijk 6¼ 0) and decoupled electro-mechanical cases (eijk = 0) are plotted for
comparisons.
0 30 60 90 120 150 180
γ ο
-0.5
0
0.5
1
1.5
Ω
α
β
Ωns
Ωns (eijk =0)
(eijk =0)
(eijk =0)
Ωnn
Ωnn
Ωvv
Ωvv
Fig. 2(b). Variations of Xab (a,b = n,s,v which correspond to the mechanical deformations induced by mechanical loadings) versus the
material’s alignment c. Both coupled electro-mechanical cases (eijk 6¼ 0) and decoupled electro-mechanical cases (eijk = 0) are plotted for
comparisons.
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mations induced by electrical (mechanical) loadings since the sub-index a = e or b = e of Cab and Xab appears
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Fig. 3(a). Variations of Cab (a,b = e which correspond to the electrical deformation induced by electrical loading) versus the material’s
alignment c. Both coupled electro-mechanical cases (eijk 6¼ 0) and decoupled electro-mechanical cases (eijk = 0) are plotted for
comparisons.
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Fig. 3(b). Variations of Xab (a,b = e which correspond to the electrical deformation induced by electrical loading) versus the material’s
alignment c. Both coupled electro-mechanical cases (eijk 6¼ 0) and decoupled electro-mechanical cases (eijk = 0) are plotted for
comparisons.
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zeros, as expected, since no coupling occurs when eijk = 0.
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generalized uniform loadings, Figs. 5–7 plot the results for some selected material’s alignments of PZT-4, i.e.,
for c = 0, 30, 45, 60, and 90. Material PZT-4 is again the transversely isotropic piezoelectric material with
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Fig. 5(a). Distributions of the mechanical stress component r11(x1,0) (normalized by r) on the boundary induced by the mechanical
normal loading r.
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Fig. 5(b). Distributions of the electric component D1(x1,0) (normalized by r) on the boundary induced by the mechanical normal
loading r.
3232 J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 3219–3237the poling direction initially parallel to the x2-axis. Note that materials with alignments c = 30, 45, and 60
belong to the class of monoclinic materials. Figs. 5(a) and 5(b) are, respectively, the distributions of the
mechanical stress component r11(x1,0) and the electric component D1(x1,0) on the boundary induced by
the mechanical normal loading. Fig. 5(a) shows that the mechanical stress component r11(x1,0) (normalized
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plane shear loading s.
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J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 3219–3237 3233by r) is a constant distribution for c = 0 and 90 (since Cnn = 0 and Xnn 6¼ 0 for transversely isotropic mate-
rials) and r11(x1,0) is dominated by logarithmic function for all other material alignments (since Cnn 6¼ 0 and
Xnn 6¼ 0 for c 6¼ 0,90). Under mechanical normal loading, the electric component D1(x1,0) (normalized by r)
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Fig. 7(a). Distributions of the mechanical stress component r11(x1,0) (normalized by D^) on the boundary induced by the electric
displacement loading D^.
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Fig. 7(b). Distributions of the electric component D1(x1,0) (normalized by D^) on the boundary induced by the electric displacement
loading D^.
3234 J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 3219–3237(Fig. 5(b)) has a constant distribution only at c = 90 (since Cen = 0 and Xen 6¼ 0 for transversely isotropic
materials when c = 90). For other material’s alignments, D1(x1,0) is dominated by logarithmic function
(Cen 6¼ 0 and Xen 6¼ 0 for c 6¼ 90). Figs. 6 and 7 plot the coupled generalized stress components (normalized
J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 3219–3237 3235by applied loading) induced by the mechanical shear loading and electric loading, respectively. Both r11(x1,0)
and D1(x1,0) are dominated by logarithmic function, except for D1(x1,0) (induced by mechanical shear loading)
and r11(x1,0) (induced by electric loading) which both are constantly distributed at c = 0.7. Conclusions
The coupled generalized stress components on an anisotropic piezoelectric half-plane boundary under
surface electromechanical loading are investigated. Exact expressions for these coupled generalized stress
components are derived for general anisotropic piezoelectric materials. The behaviors of the coupled gen-
eralized stress components are related to matrices C and X, which have the same form as those for the
purely elastostatic problem. All elements of both matrices are expressed explicitly in terms of the elastic
stiﬀness for monoclinic piezoelectric materials and transversely isotropic piezoelectric materials. Elements
of matrices C and X which correspond to the coupled eﬀects between the mechanical stress components
(electric component) induced by electric loadings (mechanical loadings) on the boundary are explored.
For isotropic materials, the results for decoupled mechanical deformations and electrical ﬁeld are both
recovered.Appendix A
Liou and Sung (2007) presented the parameters Y 11; Y 22; Y 33; Y 44; Y 12; Y 14; Y 24; Y^ 12; Y^ 14 and Y^ 24 in
Eq. (4.3) for monoclinic piezoelectric materials with the symmetry plane at x3 = 0. Their results cannot
be reduced to the decoupled electro-mechanical case. With arrangements of the eigenvectors that corre-
spond to a new electric deformation in matrix B, i.e., replacing b4 = [p4,1,0,h4]T in Eq. (3.11) of Liou
and Sung (2007) by b4 = [p4k4,k4,0,1]T, and then repeating all of the calculation processes described in
Liou and Sung (2007), yields new expressions, which are valid even for the decoupled electro-mechanical
case. Only expressions diﬀerent from those given by Liou and Sung (2007) are presented below. The
results areY 11 ¼ i½a11ð1þ k2k4Þ  a12ð1þ k1k4Þ þ a14ðk1  k2Þ=jBj; ðA:1Þ
Y 22 ¼ i½a21ðp2 þ k2k4p4Þ  a22ðp1 þ k1k4p4Þ þ a24ðk1p2  k2p1Þ=jBj;
Y 44 ¼ i½a41k4ðp4  p2Þ þ a42k4ðp1  p4Þ þ a44ðp2  p1Þ=jBj;
Y 12 ¼ Imf½a11ðp2 þ k2k4p4Þ  a12ðp1 þ k1k4p4Þ þ a14ðk1p2  k2p1Þ=jBjg;
Y 14 ¼ Imf½a11k4ðp4  p2Þ þ a12k4ðp1  p4Þ þ a14ðp2  p1Þ=jBjg;
Y 24 ¼ Imf½a21k4ðp4  p2Þ þ a22k4ðp1  p4Þ þ a24ðp2  p1Þ=jBjg;
Y^ 12 ¼ Ref½a11ðp2 þ k2k4p4Þ  a12ðp1 þ k1k4p4Þ þ a14ðk1p2  k2p1Þ=jBjg;
Y^ 14 ¼ Ref½a11k4ðp4  p2Þ þ a12k4ðp1  p4Þ þ a14ðp2  p1Þ=jBjg;
Y^ 24 ¼ Ref½a21k4ðp4  p2Þ þ a22k4ðp1  p4Þ þ a24ðp2  p1Þ=jBjg;where jBj = k4[k1(p2  p4) + k2 (p4  p1)] + (p2  p1), and
a14ðp4Þ ¼ ðj11ðp4Þ þ j10ðp4Þk4ðp4ÞÞ=Dðp4Þ; ðA:2Þ
a24ðp4Þ ¼ ðj21ðp4Þ þ j20ðp4Þk4ðp4ÞÞ=Dðp4Þ;
a44ðp4Þ ¼ ðj41ðp4Þ þ j40ðp4Þk4ðp4ÞÞ=Dðp4Þ:Note that expressions for a1k(pk), a2k(pk), a4k(pk) and kk(pk) (k = 1,2) are the same as those given by Liou and
Sung (2007), and
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; ðA:3Þ
g3 ¼ e21c66c22 þ c12e26c26  c16e26c22  c12c66e22 þ c16c26e22  e21c226;
g2 ¼ c11e26c22 þ e26c212  e11c226  c12e22c16  c12e12c66 þ c16c26e12 þ c12c26e16
 c12c26e21 þ c22c66e11 þ c11c26e22 þ c16c22e21  c16c22e16;
g1 ¼ c11c26e12 þ c12c16e26  c11c22e16 þ c16c22e11  c12c16e12  c11c26e26  e22c216
þ c11c66e22  c12c66e21 þ c16c26e21  c12c26e11 þ e16c212;
g0 ¼ c11c26e16 þ c11c66e12 þ c16c26e11  c12c66e11 þ c12c16e16  e12c216;
f5 ¼ c22e226  c66e222 þ a22c226  c22c66a22 þ 2c26e22e26;
f4 ¼ 2c12c26a22  c22e16e26  c66e12e22 þ a12c226 þ 2c12e22e26 þ c26e12e26
 2c16e222 þ 2c26e22e21 þ c26e22e16  2c16c22a22  c66c22a12  2c22e21e26;
f3 ¼ 2c66e22e21 þ c12e12e26  c22e21e16  c11e222  2c12e226  2c16e12e22  c22e221
þ 2c12e22e21  c22e11e26 þ 2c12c26a12 þ a22c212 þ 2c12c66a22  2c16c26a22
þ c12e22e16 þ c26e22e11  c11c22a22  2c26e21e26  2c16c22a12 þ c26e12e21  2c16e22e26;
f2 ¼ 2c26e221  2c16c26a12  c16e12e26 þ 2c12c66a12 þ c12e12e21 þ 2c12e16e26
þ 2c12c16a22  c16e22e16  c26e16e21  c11c22a12 þ c66e12e21  c22e11e21
þ 2c16e22e21 þ 2c12e21e26  2c11e22e26  c26e11e26 þ c66e11e22  2c11c26a22
þ c12e11e22 þ a12c212  c11e12e22;
f1 ¼ c11c66a22 þ c12e16e21  2c11c26a12 þ c12e11e26 þ a22c216  c11e226  c11e16e22
þ 2c16c12a12 þ c16e12e21  c66e221 þ 2c16e21e26 þ c16e11e22  2c26e11e21  c11e12e26;
f0 ¼ c11c66a12  c66e11e21 þ a12c216 þ c16e16e21 þ c16e11e26  c11e16e26:Appendix B
The material constants for practical piezoelectric ceramic PZT-4 (Ou and Chen, 2003) are½cab ¼
139:0 74:3 77:8 0 0 0
74:3 113:0 74:3 0 0 0
77:8 74:3 139:0 0 0 0
0 0 0 25:6 0 0
0 0 0 0 30:6 0
0 0 0 0 0 25:6
2
666666664
3
777777775
109 Nm2
 	
;
½eia ¼
0 0 0 0 0 13:4
6:98 13:8 6:98 0 0 0
0 0 0 13:4 0 0
2
64
3
75 Cm2 	;
½aik ¼
6:00 0 0
0 5:47 0
0 0 6:00
2
64
3
75 109 C V1 m1 	;and the eigenvalues corresponding to this practical piezoelectric ceramic arep1 ¼ 0:2733þ 1:0872i; p2 ¼ 0:2733þ 1:0872i; p3 ¼ 1:0933i; p4 ¼ 1:1902i:
The elements of matrices L1 and SL1 for this practical piezoelectric ceramic are
J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 3219–3237 3237L1 ¼
Y 11 0 0 0
0 Y 22 0 Y 24
0 0 Y 33 0
0 Y 24 0 Y 44
2
6664
3
7775 ¼
0:01763 0 0 0
0 0:01752 0 0:02215
0 0 0:03573 0
0 0:02215 0 0:08765
2
6664
3
7775;
SL1 ¼
0 Y^ 12 0 Y^ 14
Y^ 12 0 0 0
0 0 0 0
Y^ 14 0 0 0
2
6664
3
7775 ¼
0 0:007612 0 0:01881
0:007612 0 0 0
0 0 0 0
0:01881 0 0 0
2
6664
3
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